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H ) for some a ∈ K with order ̸ = 2 and ⟨a H ⟩ = K , where H is of odd order and x H denotes the H-orbit containing x ∈ K . In the case when K is abelian of odd order, we give the exact value of the minimum gossiping time of Γ under the store-and-forward, all-port and fullduplex model and prove that Γ admits optimal gossiping schemes with the following properties: messages are always transmitted along shortest paths; each arc is used exactly once at each time step; at each step after the initial one the arcs carrying the message originated from a given vertex form a perfect matching. In the case when K is abelian of even order, we give an upper bound on the minimum gossiping time of Γ under the same model. When K is abelian, we give an algorithm for producing all-to-all routings which are optimal for both edge-forwarding and minimal edgeforwarding indices of Γ , and prove that such routings are also optimal for arc-forwarding and minimal arc-forwarding indices if in addition K is of odd order. We give a family of second-kind Frobenius graphs which contains all Paley graphs and connected generalized Paley graphs of odd order as a proper subfamily. Based on this and Dirichlet's prime number theorem we show that, for any even integer r ≥ 4, there exist infinitely many second-kind Frobenius graphs with valency r and order greater than any given integer such that the kernels of the underlying Frobenius groups are abelian of odd order.
Introduction
Cayley graphs play a significant role in the design of interconnection networks (see e.g. [1, 2, 8, 15, 20] ). A number of important network topologies such as rings, hypercubes, cube-connected graphs, multi-loop networks, butterfly graphs, Knödel graphs, etc. are Cayley graphs [15, 20] . In [10, 27] a large class of Cayley graphs on the kernels of Frobenius groups was studied. It is shown [10] that such Frobenius graphs admit the best possible all-to-all routing and have the smallest possible edge-forwarding index. There are two kinds of Frobenius graphs depending on the nature of their Cayley sets. It is proved [31] that first-kind Frobenius graphs admit 'perfect' gossiping schemes in a sense under the store-and-forward, all-port and full-duplex model. Meanwhile, an algorithm for systematically producing such schemes (usually not unique) was given in [31] . The same paper also gave an algorithm for producing all-to-all routings in a first-kind Frobenius graph which are optimal for both edge-and arc-forwarding indices [16] . These results motivated studies of firstkind Frobenius circulant graphs, leading to classification [29, 28] of such graphs with valency 4 or 6 and investigation of related combinatorial problems [30] . In contrast to first-kind Frobenius graphs, apart from the formulas [10, 27] for the edge-forwarding index, no other result is known on gossiping and routing in second-kind Frobenius graphs. The purpose of this paper is to improve this situation. Since the Frobenius kernel of a finite Frobenius group is always abelian [7] except when the Frobenius complement is a group of odd order all of whose Sylow subgroups are cyclic, we will pay special attention to second-kind Frobenius graphs with abelian Frobenius kernels. The main results, Theorems 3.1 and 4.3, indicate that such graphs also exhibit appealing gossiping and routing properties. Moreover, some of them have small valency as we will see in Section 5.
Let us first introduce terminology and notation needed to present our results. Let K be a group whose identity element is denoted by 1. An action of K on a set V is a mapping V ×K → V , (v, for any x, y ∈ K and h ∈ H, then H is said to act on K as a group. In this case we use K H to denote the semidirected product [9] of K by H with respect to the action.
An inverse-closed subset S of K \ {1} gives rise to a Cayley graph Γ = Cay(K , S), which is defined to have vertex set K such that x, y ∈ K are adjacent if and only if xy −1 ∈ S. Γ has valency (degree) |S| and it is connected if and only if ⟨S⟩ = K . It is well known (see e.g. [5] ) that (x, g)  → xg, x, g ∈ K , defines a regular action of K on K (as a set) which preserves the adjacency of Γ . So we may view K as a subgroup of the automorphism group Aut(Γ ) of Γ . The permutation x  → xg, x ∈ K , induced by g is called a translation. Let Aut(K , S) := {α ∈ Aut(K ) : S α = S} be the setwise stabilizer of S in Aut(K ) under the natural action of Aut(K ) on K , and Aut(Γ ) 1 the stabilizer of the vertex 1 in Aut(Γ ). It is readily seen (e.g. [5, Proposition 16.2] 
A Frobenius group G is a transitive group on a set V which is not regular on V , but has the property that the only element of G which fixes two points of V is the identity of G. It is well known (see e.g. [9, p. 86] ) that a finite Frobenius group G has a nilpotent normal subgroup K , called the Frobenius kernel, which is regular on V . Hence G = K H, where H is the stabilizer of a point of V ; each such group H is called a Frobenius complement of K in G. Since K is regular on V , we may identify V with K in such a way that K acts on itself by right multiplication, and we may choose H to be the stabilizer of 1 so that H acts on K by conjugation. Obviously, H is semiregular on K \ {1}. A G-Frobenius graph [10] is a connected graph with vertex set V and edge set {{x, y} : A process of disseminating a distinct message at every vertex in a network to all other vertices is called gossiping. Motivated by practical applications, various gossiping models have been extensively studied; see [17] for a survey of the state-of-the-art on gossiping and broadcasting. In line with in [31] , in the present paper we will analyze efficiency of second-kind Frobenius graphs in terms of gossiping under the store-and-forward, all-port and full-duplex model [4] : a vertex must receive a message wholly before retransmitting it to other vertices; a vertex can exchange messages (which may be different) with all of its neighbors at each time step; messages can traverse an edge in both directions simultaneously; no two messages can transmit over the same arc at the same time (an arc is an ordered pair of adjacent vertices); and it takes one time step to transmit any message over an arc. A procedure fulfilling the gossiping under this model is called a gossiping scheme for short. The minimum gossip time [4] of a graph Γ , denoted by t(Γ ), is the minimum number of time steps required by a gossiping scheme for Γ . Since a vertex of valency k can receive at most k messages at each time step, as noted in [4, Proposition 7] any graph Γ of minimum valency δ(Γ ) satisfies
An all-to-all routing (or an routing for short) of Γ is a set of oriented paths, one for each ordered pair of distinct vertices. The load of an edge is the number of times it is traversed by such paths in either direction; the load of a routing is the maximum load on an edge; and the edge-forward index π(Γ ) is [16] the minimum load over all possible routings of Γ . The arc-forwarding index − → π is defined similarly by taking the direction into account when counting the number of times an arc is traversed. A routing is a shortest-path routing if all paths used are shortest paths between their end-vertices.
The minimal edge-and arc-forwarding indices [15] , π m , − → π m , are defined by restricting to shortest-path routings in the definitions of π and − → π respectively. Clearly,
The reader is referred to [12, 24] for problems and results relating to various routing models.
In this paper we will first prove that, for any second-kind K H-Frobenius graph Γ , t(Γ ) is at most twice as big as the right-hand side of (1), the latter being (|K | − 1)/2|H| in this case. As a consequence the construction to be given to prove this bound implies a 2-factor approximation algorithm for computing t(Γ ). In the case when K is abelian, we will prove that t(Γ ) is at most (|K | − 1)/2|H| plus the ratio of the number of involutions of K to 2|H|. In particular, if K is abelian of odd order, then t(Γ ) = (|K | − 1)/2|H|, which is exactly the lower bound (1) and hence is the best that one can hope. Moreover, in this case we will prove that there exist optimal gossiping schemes for Γ with the following properties: messages are always transmitted along shortest paths; each arc is used exactly once at each time step; at each step after the initial one, the arcs carrying the message originated from a given vertex form a perfect matching. We will give an algorithm for producing such optimal gossiping schemes.
In [10, 27] it is proved that, for any Frobenius graph (of either kind), the equalities in (2) hold. In the present paper we will give an algorithm for producing routings which are optimal for π and π m in a second-kind K H-Frobenius graph with K abelian, and we will prove that such routings are also optimal for − → π and − → π m when in addition K is of odd order. This algorithm and the one in the previous paragraph are based on the same subgraph structures, and both algorithms rely on knowledge of H-orbits on K . Given such H-orbits, both algorithms have complexity a polynomial of |K |. In some typical cases such as when K is a cyclic group, both algorithms can be easily implemented using, say, MAGMA [6] . The results above show that, although it is computationally difficult to determine t, π m , π, − → π and − → π m for general graphs, for any second-kind K H-Frobenius graph with K abelian of odd order we know the exact values of these invariants and moreover we give algorithms for constructing optimal gossiping and routing schemes. Furthermore, such graphs achieve the smallest possible gossiping time (right-hand side of (1)) and forwarding indices (right-hand sides of (2)- (3)). They are thus very efficient for gossiping and routing in terms of the models considered. In addition, when H has a small order, the valency 2|H| of such a graph is small, meeting a key requirement in network design. Furthermore, such a second-kind Frobenius graph when K is abelian is Hamiltonian, meeting another desirable requirement in network design, because any Cayley graph on an abelian group of order at least three is Hamiltonian [23] .
We remark that all results above for abelian K are valid for second-kind G-Frobenius graphs with G sharply 2-transitive, because in this case the kernel of G is known to be abelian (e.g. [9, Theorem 3.4B]). Table 1 summarizes properties of second-kind Frobenius graphs. As we see in the table, in the case when K is abelian of odd order, second-kind K H-Frobenius graphs have smallest possible forwarding indices and gossiping time; in this sense they are efficient for gossiping and routing from a theoretical point of view. Moreover, they have small valencies if in addition |H| is small. A well-known conjecture (see e.g. [23] ) asserts that any connected Cayley graph with at least three vertices is Hamiltonian. It would be interesting to investigate this conjecture for second-kind Frobenius graphs with nonabelian K . Another important remaining problem is to determine or estimate diameters of second-kind Frobenius graphs. This will be a challenging task since the class of second-kind Frobenius graphs is huge and different such graphs may behave significantly differently. It is believed that the diameter of such a graph depends not only on its order |K | and valency |H|, but also on the structure of the group K H and the choice of the connection set S = a
H . It seems hopeless to find a uniform formula for diameters of all second-kind Frobenius graphs. Therefore, it may be more promising to focus on some concrete second-kind Frobenius graphs such as the ones to be discussed in Section 5.
From a practical point of view it would be desirable to explicitly construct second-kind K HFrobenius graphs of small valency with K abelian of odd order. To this end we will present in Section 5 a large family of second-kind K H-Frobenius graphs with K abelian of odd order which contains all Paley graphs and connected generalized Paley graphs of odd order [22] . As a consequence we will see that, for any even integer r ≥ 4, there exist second-kind Frobenius graphs with fixed valency r and order larger than any given number (Corollary 5.7). Thus when r is small we obtain large networks with small valency, and they are efficient in terms of gossiping and routing by our main results mentioned above.
We would like to emphasize that in this paper we only consider all-to-all routing and gossiping under the store-and-forward, all-port and full-duplex model. It would be interesting to investigate behavior of second-kind Frobenius graphs under other routing and gossiping models [14] . For example, one may consider gossiping under the store-and-forward, 1-port and full-duplex model [3, 4, 14] . (Here ''1-port'' means that a vertex can only communicate with one of its neighbors at any time.) Comparison of second-kind Frobenius graphs with other well-known interconnection networks is another interesting topic. In particular, it would be interesting to compare them with Knödel graphs since the latter are popular topologies for interconnection networks. The reader is referred to [19] for the original definition of Knödel graphs, [3] for their optimal gossiping (in the 1-port mode), [11] for a survey on Knödel graphs, and [13] for a logarithmic time 2-approximation algorithm for shortest paths in the Knödel graph on 2 d vertices with valency d.
The reader is referred to [9, 25, 26] for undefined notation and terminology on groups. We use {u, v} to denote the edge between u and v, (u, v) the arc from u to v, and A(Γ ) the set of arcs of a graph Γ .
Shortest-path spanning trees
In this preliminary section we prove the existence and give constructions of a family of shortestpath spanning trees in a second-kind Frobenius graph which has properties needed in our later construction of gossiping and routing schemes. 
∈ A + by using the assumption that K is abelian.
The next lemma is obvious. 
Define
to be the union of T x,h and take it as rooted at x. That is, T x has vertex set ∪ h∈H V (T x,h ) and edge set ∪ h∈H E(T x,h ). (Note that for a fixed x any two subtrees T x,h have x as the unique common vertex.) Denote T = {T x : x ∈ K }. H , and they form a perfect matching between the two H-orbits. This together with the statements above implies that T 1 is a spanning tree of Γ . Moreover, any two of T 1,h , h ∈ H have 1 as the unique common vertex, and each T 1,h contains exactly one vertex from each H-orbit on K . Thus, by (7) and the fact that T 1,1 is a shortest-path tree, T 1 must be a shortest-path spanning tree of Γ with root 1. One can easily verify that (a)-(d) hold when x = 1 from the argument above and Algorithm 2.4.
From (7) it is evident that T x is the translation of T 1 by x. Since K ≤ Aut(Γ ) and T 1 is a shortest-path spanning tree of Γ with root 1, T x is a shortest-path spanning tree of Γ with root x and thus (a) holds for every x ∈ K . By the definition of T x and noting that the H x -orbits on K have the form u H x, u ∈ K , the truth of (b), (c) and (d) can be extended from T 1 to T x for every x ∈ K . Remark 2.6. In the general case where K is not necessarily abelian, the result in Lemma 2.3 may not hold. In this case we modify Algorithm 2.4 in such a way that we use rule (5) only in Step 2.2, regardless of the order of v. Using this modified algorithm we can construct T 1,1 and consequently T x and T as in (7) and (8) . Similar to the proof of Lemma 2.5, one can verify that T has all the properties as in Lemma 2.5 except the last statement in (d).
Gossiping in second-kind Frobenius graphs
A gossiping scheme is called a shortest-path gossiping scheme if the message originated from any vertex is transmitted to any other vertex along a shortest path. Denote by I(K ) the set of involutions of K . Recall that t(Γ ) denotes the minimum gossiping time of Γ .
Theorem 3.1. Suppose that G = K H is a Frobenius group and Γ = Cay(K , S) is a second-kind GFrobenius graph, where S
H for some a ∈ K such that |a| ̸ = 2, |H| is odd and ⟨a
Moreover, if K is abelian, then In the following proof of Theorem 3.1 we first deal with the case where K is abelian. In this case let H and (v
Denote by M x the message originated from x. Using T as defined in (6)- (8), we give the following d-phase algorithm such that the first phase consists of the first step only and in the ith phase (i ≥ 2) M x is transmitted along the arcs of T x from Γ i−1 (x) to Γ i (x) for all x ∈ K simultaneously.
Algorithm 3.2.
Suppose K is abelian.
1. In the first time step, for all x ∈ K , send M x from x to a h x and (a −1 ) h x simultaneously for all h ∈ H. 
h x) cannot be used to transmit two messages simultaneously. Therefore, Algorithm 3.2 is a gossiping scheme. Since (10) is proved. Now we assume that K is abelian of odd order. Then I(K ) = ∅ and k i = 0 for i = 1, 2, . . . , d. Hence (11) follows from (10) and t(Γ ) ≥ (|K | − 1)/2|H|, and the gossiping scheme given by Algorithm 3.2 is optimal. Since by Lemma 2.5 each T x is a shortest-path spanning tree of Γ , by our algorithm M x is transmitted along shortest paths to vertices in K \ {x}. In other words, Algorithm 3.2 gives a shortest-path gossiping scheme. By Lemma 2.2, each arc of Γ is of the form (1, a)
for some x ∈ K and h ∈ H. Since these arcs are pairwise distinct, by Algorithm 3.2, at time t = 1 each arc of Γ is used exactly once for data transmission. At a later time t ≥ 2, say, in the jth step of the ith phase, the arcs exploited are (u
From Lemma 2.2 one can see that these are all arcs of Γ . Moreover, by a similar argument as in the previous paragraph, one can prove that these arcs are pairwise distinct. Therefore, each arc of Γ is used exactly once for data transmission at any time t ≥ 2. Hence (a) holds. By Algorithm 3.2 the set of arcs used to transmit M x at time t ≥ 2 is
: h ∈ H}, and by Lemma 2.5, A t (x) is a matching of Γ . From (a) it follows that {A t (x) : x ∈ K } is a partition of A(Γ ). It is clear that K is transitive on this partition.
Finally, in the general case where K is not necessarily abelian, one can verify that the modified Algorithm 3.2 as described in Remark 3.3 gives a gossiping scheme for Γ . Since this scheme takes  d i=1 n i = (|K | − 1)/|H| time steps, the upper bound in (9) follows immediately.
Routing in second-kind Frobenius graphs
A routing is edge-uniform (arc-uniform, respectively) if all edges (arcs, respectively) have the same load. If a subgroup M of Aut(Γ ) leaves a routing P invariant (that is, P g ∈ P for any P ∈ P and g ∈ M) and is transitive on E(Γ ) (A(Γ ), respectively), then P is said [21] to be an M-edge transitive routing (M-arc-transitive routing, respectively). The following lemma is extracted from [31, Lemma 6.2].
Lemma 4.1. If P is a shortest-path routing of a graph Γ and there exists a subgroup M of
| and P is edgeuniform and optimal with respect to π and π m simultaneously.
The following result was proved in [10] .
Theorem 4.2. Suppose that G = K H is a Frobenius group and Γ is a G-Frobenius graph with type
if Γ is of the second kind.
As a side remark, we notice that an immediate consequence of (12) is that the Wiener index of Γ is equal to |G|( [31] optimal routings with attractive features were given for first-kind Frobenius graphs. For second-kind Frobenius graphs, we give the following result by exploiting the same family T = {T x : x ∈ K } of shortest-path spanning trees as defined in (6) Proof. By Lemma 2.5, P is a shortest-path routing of Γ . Since K is normal in G, for any x ∈ K and g ∈ H, there exists x
= T x ′ y . Therefore, T = {T x : x ∈ K } is G-invariant and hence P is G-invariant as well. Since G ≤ Aut(Γ ) and Γ is G-edge-transitive by Lemma 2.2, from Lemma 4.1 we obtain (12) and that P is edge-uniform and optimal for π and π m simultaneously.
Suppose |K | is odd in the sequel. Then k i = 0 and n i = 2m i for i = 1, 2, . . . , d. Since P is G-invariant and by Lemma 2.2, G is transitive on A + = (1, a) G , all arcs in A + have the same load under P . Similarly, all arcs in
G have the same load under P . We now prove that (1, a) and (a, 1) have the same load. Once this is achieved, then P is arc-uniform, − → π (Γ ) = − → π m (Γ ) = π(Γ )/2, and P is optimal for both − → π and − → π m . The arcs of
, where 
Hence the number of times that (1, a) appears on paths of P is equal to the number of times that (a, 1) appears on paths of P . Therefore, (1, a) and (a, 1) have the same load under P and the proof is complete.
Generalized Paley graphs
Theorems 3.1 and 4.3 suggest that second-kind K H-Frobenius graphs with K abelian of odd order are efficient in terms of gossiping and routing under the models considered. It is thus desirable to construct such graphs with small valency. In this section we give a large family of secondkind Frobenius graphs with K abelian of odd order which contains all Paley graphs and connected generalized Paley graphs of odd order [22] as a proper subfamily. We will see that some graphs in our family have small valency as desired (Example 5.5 and Corollary 5.7).
Given a prime power q ≡ 1 (mod 4), the Paley graph P(q) is the Cayley graph on the additive group of the finite field F q with respect to the set of non-zero squares in F q . In other words, P(q) has vertex set F q such that x, y ∈ F q are adjacent if and only if x − y is a non-zero square in F q . Paley graphs are self-complementary, distance-transitive and strongly regular [5] , and they are well studied over many years. It is known [10, 27] that Paley graphs are second-kind Frobenius graphs of type (2, 2) . Hence (11) in Theorem 3.1 and Algorithm 3.2 can be applied to obtain t(P(q)) = 2 and optimal gossiping schemes for P(q). Thus Paley graphs are efficient for gossiping and routing in some sense. However, they are not attractive candidates for interconnection networks because of their large valency (q − 1)/2. It would be helpful if we could construct graphs with similar structure which are efficient for gossiping and routing but have small valency. We will show that this is possible and such graphs exist in our family of 'generalized Paley graphs'.
A near field (see e.g. [9] ) is a set F with at least two elements 0 and 1 which is equipped with two binary operations + and · such that (F , +) is an abelian group with identity 0; (F * , ·) is a group with identity 1 (where F * = F \ {0}) and α · 0 = 0 · α = 0 for all α ∈ F ; and (α + β) · γ = α · γ + β · γ for all α, β, γ ∈ F . As usual we abbreviate α · β to αβ and denote the additive inverse of α ∈ F by −α and the multiplicative inverse of α ∈ F * by α The Frobenius group in this theorem is
where the operation is the usual matrix multiplication. Let
Then K ∼ = (F , +) and H ∼ = (Ĥ, ·) are subgroups of G. The following lemma can be easily proved; see [9, Example 3.4.1] in the case when F is a field.
Lemma 5.2. The group G = K H above is a Frobenius group with Frobenius kernel K and Frobenius complement H.
The action of G on K is such that K acts on K by right multiplication and H acts on K by conjugation.
More explicitly, for u =  1 0
In the case when F is a field of order q, G is isomorphic to the subgroup of AGL (1, d) formed by those affine transformations β  → βα + γ , β ∈ F such that α ∈Ĥ and γ ∈ F . 
 for some β ∈ F * such that βĤ is a generating set of (F , +). 
is a generating set of K . Thus β is not an involution of (F , +) (and so p is odd), and βĤ is a generating set of (F , +) (and so β ∈ F * ).
Suppose conversely that both p and |H| are odd, and β ∈ F * is such that βĤ is a generating set of (F , +). Since (F , +) ∼ = Z n p and p is odd, (F , +) has no involution and in particular β is not an involution of (F , +). Thus a as defined in (13) is not an involution of G and a H is a generating set of K .
Hence Cay(K ,Ŝ) is a second-kind G-Frobenius graph of valency 2|H|, wherê
It is evident that all second-kind G-Frobenius graphs are of the form Cay(K ,Ŝ). The following example shows that the family of graphs defined in Theorem 5.1 contains all connected generalized Paley graphs of odd order [22] as a proper subfamily (which then contains all Paley graphs). There are graphs in our family but not in this subfamily as we will see in Examples 5.5 and 5.8. [22] ). Let q = p n be a prime power and k ≥ 2 a divisor of q − 1 such that either q or (q − 1)/k is even. Let A be the subgroup of (F * q , ·) of order (q − 1)/k. The generalized Paley graph GPaley(q, (q − 1)/k) is defined [22] as the Cayley graph Cay(F q , A) on (F q , +). Note that if ω is a primitive element of F q , then A = ⟨ω In particular, if q ≡ 1 (mod 4), then GPaley(q, (q − 1)/2) is the Paley graph P(q). Alternatively, P(q) is given by Cay(F q , βĤ ∪ (−βĤ)), whereĤ is the subgroup of (F * Consider another coset (ω + 1)Ĥ = {ω + 1, 6ω + 5, 3ω + 9}. Since 1 = 6(ω + 1) − (6ω + 5) and ω = (ω + 1) − 1, (ω + 1)Ĥ is a generating set of (F 121 , +). Let S 2 = (ω + 1)Ĥ ∪ (−(ω + 1)Ĥ) = {ω + 1, 6ω + 5, 3ω + 9, 10ω + 10, 5ω + 6, 8ω + 2} and S * 2 = {(1, 1), (6, 5) , (3, 9) , (10, 10) , (5, 6) is a second-kind Frobenius graph of order p 2 and valency r whose underlying Frobenius group has an abelian kernel.
Example 5.4 (Paley Graphs and Generalized Paley Graphs
Of course the even integer r ≥ 4 in Corollary 5.7 is meant to be small for the purpose of network design. We remark that other connected generalized Paley graphs of small valency may be found by choosing appropriate p, n, k in Example 5.4.
Finally, by applying Algorithm 3.2 we can obtain optimal gossiping schemes for Cay(F , βĤ ∪ (−βĤ)) and GPaley(q, (q − 1)/k). These graphs have forwarding indices given by (12) and they admit a routing optimal for the four forwarding indices simultaneously. We illustrate these by the following example. ∈ Z n ) is the unique path in T x from x to y is optimal for these four indices simultaneously. By Theorem 3.1, t(Γ ) = (2 + 4)/2 = 3. Algorithm 3.2 gives the following optimal gossiping scheme for Γ : In the first step, send the message M x at x from x to x + 2, x + 14, x + 3, x + 17, x + 5, x + 16 simultaneously for all x ∈ Z 19 . (M 0 is transmitted along the six heavy edges in Fig. 1 .) In step 2, send M x along the arcs (x + 2, x + 4), (x + 14, x + 9), (x + 3, x + 6), (x + 17, x + 15), (x + 5, x + 10), (x + 16, x + 13) (dashed arcs in Fig. 1 when x = 0) simultaneously for all x. In step 3, send M x along the arcs (x + 2, x + 7), (x + 14, x + 11), (x + 3, x + 1), (x + 17, x + 12), (x + 5, x + 8), (x + 16, x + 18) (dotted arcs in Fig. 1 when x = 0) simultaneously for all x.
